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Abstract

The purpose of this paper is to examine nonlinear processes occurring during the coupling of complex twin jet plumes

using higher-order spectral methods. Inadequacies of linear spectral analysis when closely spaced multiple screech sources

exist in complex configurations are demonstrated. Cross-bicoherence is used for identifying the nonlinear interactions

between jets emanating from rectangular nozzles with spanwise oblique exit geometries. Two basic topologies in twin jets

are compared in the paper; one that promotes coupling (referred to as ‘co-directed’) and another that inhibits coupling

(referred to as ‘contra-directed’). The primary findings are: (i) some configurations that appeared to be uncoupled by linear

spectral analysis metrics were actually found to be nonlinearly coupled, and (ii) two types of nonlinear coupling were

observed—one dominated by the fundamental and its interaction with higher modes, and another that displayed clusters of

interactions between a frequency component and its sidebands. Further, three new metrics have been proposed: (i) the first

metric, ‘quadratic phase coupling index’, was developed and used to indicate the propensity of jets to couple, (ii) the second

metric, namely, ‘interaction density’ was developed to quantify nonlinear coupling, and (iii) the third metric known as the

‘average interaction density’ was shown to increase sharply during coupling mode transition.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Background

The tandem jet configuration is common in several military aircraft. The interaction between two shock-
containing jet plumes in close proximity has been investigated in this work. Such interactions can alter the flow
and acoustic field substantially, leading to enhanced acoustic pressures in the near-field. The possibility of
structural damage to engine nozzles from such unsteady loads is well known and continues to be of concern to
the aircraft industry. Acoustic fields have traditionally been characterized using linear spectral analyses of
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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Fig. 1. Shock structures in rectangular nozzles (from Ref. [12]). (a) Uniform rectangular exit and (b) single-beveled exit.
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single and two point measurements. These methods are usually adequate to describe acoustic fields comprising
a simple acoustic source, or, multiple sources where the spatial separation of acoustic sources is much larger
than the characteristic acoustic wavelength. In the case of shock-containing jets, there could be multiple
acoustic sources of comparable strengths, spatially separated within a few acoustic wavelengths. There is
evidence in the literature of jets with multiple screech tones, with their corresponding feedback loops. When
such complexities are possible in a single jet plume (Fig. 1(a)), further complexity is inevitable when the shock-
cells are spanwise oblique (Fig. 1(b)) and when another jet is located in close vicinity.

The present study characterizes the acoustic interactions that can occur between tandem jets with complex
shock structures, and the rich facet of nonlinearity in jet interactions has been brought out. The subsequent
subsections briefly review the literature concerning (a) the acoustics of nozzles with complex geometry, and (b)
instances of other flow situations where higher-order spectral analyses have been successfully used.

1.2. Review of relevant literature

Interest in acoustic modes and their coupling in jet flows arose following observations of their undesirable
consequences, such as acoustic fatigue damage in laboratory and full-scale tests. Early studies [1–7] were
conducted on circular jets in single and twin configurations. Tam and Seiner [8] reported screech frequency
variations in twin and single jets. Morris [5] made extensive instability analyses on twin circular jets that
corroborated earlier experimental results. Representing the twin jets by two circular vortex sheets, he
concluded that the unsteady flow fields interact before the merger of the mean flows. Later, the focus
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diversified to rectangular and other non-axisymmetric configurations owing to their aerodynamic, acoustic
and stealth benefits [9–16]. The topics of interest in this field of research can be classified as follows:
(a)
 Characterization of screech in rectangular jets and its effect on flow features like jet mixing, spreading rate,
entrainment, and so on. These studies added substantial information to the knowledge base for use in
design (see Refs. [10–12]).
(b)
 Characterization of screech modes, their interactions and effects: These studies aided further insights into
the various manifestations of screech and attempted to relate the hydrodynamic instability to the acoustic
field (see Refs. [9,10]).
(c)
 Analytical models for screech prediction: These studies demonstrated that the screech tone could be
predicted for non-axisymmetric jets with sufficient accuracy using instability calculations and waveguide
approach (see Refs. [17,18]). In the context of the present work, it should be noted that analytical
prediction of multiple jets of non-circular exit geometries is still elusive. Analytical treatment becomes
more complex when the exit geometries are non-uniform (for e.g., beveled geometries, wherein the shear
layers commence from different axial locations of the jet exit device, thus making dispersion relation
calculations difficult). Given the fact that even a simple circular jet does not lend itself to screech amplitude
predictions, an analytical approach is difficult for uncovering the dynamics of complex plume systems.
(d)
 Screech studies in complex geometrical situations such as multijets, and the use of passive control devices
in the form of structural modifications to the jet exit, vicinity, and so on. For example, answers to some
interesting scientific questions such as the possibility of screech synchronization in a multijet situation
emerged from these studies. Further, various techniques to avoid screech and its ill effects emerged from
this class of studies (see Refs. [1,3,6,11,13–16,19]).
The above classification is by no means exhaustive. Some of the earlier work may overlap two or more
areas mentioned above. Nevertheless, the purpose of this classification is to present the present work
in the perspective of screech research on rectangular jets. Thus, the current paper may be classified
under categories (b) and (d) as an attempt to gain insight into the coupling modes in twin jets. This work
further attempts to demonstrate the use and relevance of nonlinear spectral analysis in jet acoustic
interactions. Some pertinent earlier studies are presented below to serve as the background for the present
work.

Raman and Rice [9] conducted experiments on single rectangular jets to reveal finer details about the
instability modes resulting from screech. They reported that in a single rectangular jet, the fundamental
screech frequency, f , exhibits an antisymmetric mode while its first harmonic, 2f , exhibits a symmetric mode.
Raman and Taghavi [14] conducted a detailed study of the near acoustic field and the coupling mechanism of
twin rectangular supersonic jets having uniform exit geometry. They found that there were two modes of
coupling that prevailed—the symmetric mode that augmented the screech amplitude and the antisymmetric
mode that suppressed it, and both these modes were mutually exclusive. A companion study by Taghavi and
Raman [15] on twin jets having straight rectangular exit geometry in various configurations found that the
shock spacing did not change significantly when the jets coupled. The coupling of twin supersonic jets with a
double-beveled exit geometry was studied by Raman [11], who found that twin double-beveled jets can couple
and may lead to either an augmentation or suppression of sound in the inter-nozzle region depending on the
fully expanded Mach number at which the jets were operating. Although previous work has illuminated some
aspects of individual single-beveled nozzles [12,20], as well as twin double-beveled nozzles [11], to the best of
knowledge of the authors, there is no published information on the interaction between jets from single-
beveled nozzles using either linear or nonlinear techniques.

The authors recently conducted experiments on twin single-beveled exit geometry configurations using
conventional linear spectral analyses. The earlier work revealed that while the single-beveled jet exhibits
spanwise symmetric, spanwise antisymmetric, and spanwise oblique modes while operating individually
(Fig. 2(a)), they coupled only in spanwise symmetric and spanwise antisymmetric modes when operated in the
twin jet mode.

Such observations about the contrasting behavior of single and twin jets had been made earlier for double-
beveled configurations [11]. Further, the coupling in the twin jet was restricted to a configuration wherein the
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Fig. 2. Single and twin jet configurations studied. Microphone positions are shown against each configuration. (a) Single jet, (b) twin jet:

co-directed, (c) twin jet: contra-directed, and (d) photograph of nozzles.
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jets were directed towards each other (co-directed) as shown in Fig. 2(b). The other possible twin jet
configuration where the jets were directed away from each other (contra-directed) (Fig. 2(c)) did not show
coupling behavior. These results were obtained using linear power spectra, spanwise phase measurements and
directivity measurements. The curious observation that propelled the authors to use higher-order tools was the
fact that at certain geometric and flow conditions, the jets showed frequency locking, but lacked a strong
phase coherence. The jets under such conditions were considered ‘uncoupled’, based on phase coherence.
Further, Lissajou plots of the two microphone data suggested the possibility of nonlinearity in the coupling
phenomenon.
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The justification of the present work stems from the fact that all the previous work had used conventional
spectral analysis. Consequently, fundamental explanations to certain interesting observations were not
provided in several previous papers. For instance, in the work of Raman and Taghavi [14] one observes the
existence of two closely spaced peaks. Questions such as why do two peaks of comparable magnitude appear
in the spectrum? Do they have a special phase relationship? Why was this peculiar behavior observed near the
coupling mode switching condition? Such features have remained unanswered in the field of aeroacoustics.
With the advent of the use of higher-order spectral methods in various physical applications, a fundamental
understanding of complex problems seems to be possible.
1.3. Higher-order spectral methods in free shear flows

The higher-order spectral methods were initially used for understanding the nonlinearity in other branches
of engineering, such as the electrical sciences, resulting in several useful nonlinear spectral tools (see for
instance, Refs. [21,22]). Later, higher-order spectral tools were used to advance the understanding of free shear
flows. The need for these tools emerged from the challenge posed by the extensive nonlinearity in the axial
evolution of shear layers. The auto-bicoherence and the cross-bicoherence are the nonlinear analogues of the
auto-spectrum and cross-spectrum functions in the conventional linear spectral analyses. The auto- and cross-
bispectra are the Fourier transforms of triple time correlations of two functions of time, the functions being
identical in the case of auto-spectrum. The mathematical form of cross-bispectrum is shown in Eq. (1). The
discrete frequency domain form suitable for computations is presented in Section 2:

Byxxðf 1; f 2Þ ¼

Z 1
�1

Z 1
�1

lim
T!1

1

T

Z T

0

yðtÞxðtþ t1Þxðtþ t2Þdt

� �
expf�2pðf 1t1 þ f 2t2Þgdt1 dt2. (1)

Some earlier work on the use of these techniques in free shear flows is presented below to serve as an
example to justify the use of these techniques in the present work. Thomas and Chu [23,24] studied the
evolution of a planar shear layer using auto- and cross-bicoherence functions to trace the axial evolution of the
planar shear layer. They used time series data from two spatially separated hot-wire probes to perform
the nonlinear analysis. The axial location of the probe-pair was varied, and both the linear and the
nonlinear spectra were obtained and analyzed. They, inter alia, concluded that the cross-bispectrum was more
useful than the auto-bispectrum in space-localizing the nonlinear processes, and observed that the shear
layer showed a preference for difference interactions than sum interactions. Thomas and Chu [25,26], extended
their work to unravel other interesting dynamics of the shear layer. Using higher-order cumulants, they
were able to quantify the significance of nonlinearity by obtaining the linear and nonlinear coupling
coefficients. These studies revealed the role of resonance involving subharmonics on the shear layer
development.

Higher-order spectral analysis was first used in the study of high speed flows by Ponton and Seiner [7] and
by Walker and Thomas [27]. Ponton and Seiner [7] conducted extensive time-series analysis as well as linear
and nonlinear spectral analysis on a choked circular jet. They used an azimuthal array of microphones and
performed time-series analysis to uncover the physics of the helical mode of the jet instability. They found that
the flapping plane of the jet rotated azimuthally in a random fashion. They also presented auto-bicoherence
for the microphone signal with which they were able to identify the nonlinear interactions. Walker and
Thomas [27] conducted experiments on screeching rectangular jets. They demonstrated that while linear
techniques such as spectra, SPL contours, phase coherence provide valuable information about the gross
features of a screeching jet, the nonlinear wave interactions can be identified only by nonlinear spectral
methods. They used nonlinear spectra to quantify the quadratic interactions. Their results obtained from a
hydrodynamic analysis were consistent with their acoustic studies, emphasizing the direct correspondence
between the two. They were able to deduce the interactions between the various modes using nonlinear
spectra, and trace the axial evolution of each mode.

Although the present paper involves screeching jets, the focus is different. Rather than individual jet modes,
twin jet coupling modes are addressed. The objectives of the present work are outlined in detail in the
following section.
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1.4. Objectives of the present work

The focus of this paper is to study twin rectangular jets of complex geometry, and to study their coupling
behavior using higher-order spectral properties such as cross-bicoherence. The work attempts to quantify
nonlinear interactions occurring in these jets and relate them to the power spectra and jet coupling behavior. It
should be noted that nonlinear interactions are manifestations of the nonlinear flow physics in the jet plumes
and do not involve nonlinear acoustics. It is assumed that the hydrodynamic sources are nonlinear, and the
signatures of these nonlinear processes are measured in the near field.

To accomplish these objectives, three basic configurations were chosen: (i) twin jets directed towards each
other (co-directed), (ii) twin jets directed away from each other (contra-directed), and (iii) single jet. The
dimensions of individual nozzles were 35.56mm in the spanwise direction and 5.08mm in the transverse
direction. Thus, the aspect ratio of the individual jets was 7. The fully expanded Mach number range covered
in the study was 1:30pMjp1:51, beyond which the jets did not screech. The inter-nozzle spacing was varied in
the co-directed twin jet configuration over the range 7:3ps=hp7:9, where s and h are nozzle center spacing
and height as indicated in Fig. 2. The inter-nozzle spacing was not varied in the contra-directed configuration
since it did not show coupling.

Two microphones were placed at the respective spanwise centers of the nozzles, so as to detect the spanwise
coupling behavior. The distance between the two microphone locations was the same as the inter-nozzle
distance, and was of the order of a screech wavelength. As observed earlier [9] in the case of large aspect ratio
rectangular jets, the jets showed antisymmetric mode instability in the transverse direction.

The experiments were carried out in the high speed jet facility at the Illinois Institute of Technology. The
test facility details are described in Panickar et al. [28]. All acoustic measurements were made using 6.35mm
(1
4
in) diameter Brüel & Kjær microphones (model 4939), and the microphone locations are shown in Fig. 2.

These microphones have a flat response up to 100 kHz within �3 dB, and within �1 dB for the frequency
range used in the present work. All the data acquisition was achieved using a PC based National Instruments
data acquisition board (Model NI PCI-MIO-16E-1) capable of acquiring 1.25megasamples/s interfaced using
LabVIEW 6i. The uncertainty in the sound pressure is within �1 dB, and that in the frequency is within
100Hz. The data were analyzed using MATLAB 6.5 to yield power spectra and cross-bicoherence.
The nonlinear tool used is discussed in Section 2, and results of nonlinear spectral analyses are presented in
Section 3.
2. Computation of cross-bicoherence

Cross-bicoherence is a third-order estimate obtained from two simultaneously acquired time-series signals.
The third-order bispectrum and bicoherence are computed from the Fourier transform of the triple correlation
of the time-series signals, as mentioned earlier. Cross-bicoherence is the normalized cross-bispectrum. The
discrete cross-bispectrum is expressed for an ensemble as

S
ðkÞ
YXX ðf 1; f 2Þ ¼ Y ðkÞðf 1 þ f 2ÞX

ðkÞ�ðf 1ÞX
ðkÞ�ðf 2Þ, (2)

where X ðkÞðf Þ and Y ðkÞðf Þ are the DFT of discrete time-series signals xðtÞ and yðtÞ, and the asterisk ð�Þ
represents the complex conjugate. An average is done over M ensembles to obtain the final estimate of discrete
cross-bispectrum as

SYXX ðf 1; f 2Þ ¼
1

M

XM
k¼1

S
ðkÞ
YXX ðf 1; f 2Þ. (3)

The cross-bicoherence spectrum is then obtained by normalizing this quantity with the power spectra of the
two signals as follows:

b2cðf 1; f 2Þ ¼
jSYXX ðf 1; f 2Þj

2

PM
k¼1jY

ðkÞðf 1 þ f 2Þj
2

� � PM
k¼1jX

ðkÞðf 1ÞX
ðkÞðf 2Þj

2
� � . (4)
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The computation of these quantities is simplified by using symmetry properties in the frequency domain. An
example demonstrating the use of cross-bicoherence is presented in the following paragraph.

Referring to Eqs. (2)–(4), the interaction corresponding to a frequency pair ðf 1; f 2Þ is termed either as a ‘sum
interaction’ or as a ‘difference interaction’, depending on whether f 1 and f 2 have the same, or the opposite
signs. Sum and difference interactions between signals and the ability of cross-bicoherence to discriminate
between them can be illustrated by generating two sinusoids as follows:

f ðtÞ ¼ sinðo1tÞ þ sinðo2tÞ (5)

and

gðtÞ ¼ sinðo1tÞ sinðo2tþ � rand ðtÞÞ, (6)

where o1 and o2 are the circular frequencies, and � rand ðtÞ, added as a phase component in one of the
sinusoids, is a time varying random number with zero-mean and standard deviation � ð0p�p0:1Þ. The phase
randomness simulates noise in experiments that is often referred to as phase jitter.

These two signals are used as inputs to the program that computes the cross-bicoherence spectrum. The
linear power spectra of the signals are shown in Fig. 3(a), and cross-bicoherence spectrum is shown in
Fig. 3(b). In Fig. 3(b), only the region bounded by the two 45� lines in the upper half-plane, and that in the
lower half-plane are unique. Exploiting these symmetry properties, the computation is restricted to this region.
Note that in this example, the two sinusoids have frequencies of f 1 ¼ 5 kHz and f 2 ¼ 8 kHz. It can be seen
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that the cross-bicoherence spectrum shows two distinct peaks; one at the sum interaction position at ðf 1; f 2Þ,
where b2

cð8 kHz; 5 kHzÞ ¼ 0:9 and the other at the difference interaction position at ðf 1;�f 2Þ, where
b2

cð8 kHz;�5 kHzÞ ¼ 0:9, indicating the presence of the frequencies f 1 þ f 2, and f 1 � f 2, respectively, in the
modulated signal. Hence, the advantage of cross-bicoherence is its ability to identify such nonlinear
interactions, which is not possible with second-order methods such as power spectra.

It is necessary for the phase standard deviation � between the two signals to be small for the cross-
bicoherence to be detectable. The effect of � is studied by computing the cross-bicoherence for various values
of � in Eq. (6). The variation of the peak cross-bicoherence between the above test signals and the relative
phase standard deviation between the modulated signals is plotted in Fig. 4. The number of ensembles used to
compute the cross-bicoherence is about 200. This plot shows that the cross-bicoherence is unchanged for small
random phase standard deviations, but drops significantly beyond a value of around p=2.

The twin jet time-series data obtained over a parametric range comprising Mach number and inter-nozzle
spacing were analyzed and the results are presented in the subsequent section.

3. Results of nonlinear spectral analyses

Time-series data were acquired from the two microphones for 15 Mach numbers, for the six geometric
configurations considered in this study. For each set of time-series data, the power spectrum was computed
resulting in 180 power spectra. Further, each pair of time-series data resulted in a cross-bicoherence spectrum.
Therefore, owing to the volume of the data, only a few comparisons are being presented. It was shown by
Thomas and Chu [25] that the local coherency property of the cross-bicoherence measurement allows the
linear and quadratic mechanisms to be quantified. If only a single sensor is used, or if the spacing between
the two sensors is greater than the wavelength of interacting modes, then ambiguity arises in the bispectrum.
The conditions for ‘local coherency’ were not met in this experiment for frequencies greater than 1.3 kHz,
therefore no attempt was made to quantify the linear and quadratic mechanisms contributing to the cross-
bicoherence measurement. Here, the main focus is to clarify the manifestation of nonlinearity in various
situations, and answer the following questions:
(a)
 How do flow and geometrical parameters influence nonlinearity?

(b)
 Are there patterns in the nonlinear interaction set that would enable the classification of various

interaction types?

(c)
 Is it possible to quantify the nonlinear interactions by identifying pertinent metrics?
These issues are addressed by comparing two twin jet configurations; one that showed coupling (co-directed),
and the other that did not couple (contra-directed).
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3.1. Co-directed and contra-directed configurations

Fig. 5 compares the cross-bicoherence spectra and power spectra for the co-directed and contra-directed
twin jets. There are numerous peaks in the 3-D cross-bicoherence plots, indicative of quadratic phase coupling
between the corresponding modes. It may be observed that the maximum value of cross-bicoherence for the
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co-directed jets (0.9) is much higher than that for the contra-directed jets (0.6). These observations add further
insights to the earlier results obtained through linear phase coherence measurements which showed that
while the co-directed configuration coupled, the contra-directed configuration did not couple at all. Therefore,
it is possible that there is a stronger interaction between the instabilities of the two jets in the co-directed
configuration, which, in turn, promotes the occurrence of nonlinear interactions between them. In this
context, the results concerning the phase dependence of cross-bicoherence may be recollected, wherein it
was mentioned that the phase standard deviation between interacting waves should be small to produce
noticeable nonlinear interactions. In the case of the contra-directed configuration, it can be expected that
the sound sources in the two jets are farther apart compared to the co-directed jet, and thus acquire a
larger phase standard deviation before any interaction could occur. So, the absence of quadratic phase
coupling in the case of contra-directed jets is because of larger phase standard deviation attained before
interaction between individual sound sources. Another interesting observation is the presence of non-
harmonically related frequencies in the linear spectra of both co- and contra-directed jet cases, suggesting that
the presence of non-harmonically related frequencies is not necessarily a cause or an effect of nonlinear
interactions.
3.2. Comparison of single and twin jets

The nonlinearity in single jets can be compared against that of twin jets with the aid of two parameters: (i)
the number of interactions, and (ii) magnitude of interactions, as quantified by the cross-bicoherence. The
cross-bicoherence spectra for single and twin jets (Fig. 6) over the entire Mach number range considered in the
present study revealed the following: (a) the number of interactions in the single jet is lower than that for twin
jets for most of the Mach numbers. At a few Mach numbers, they are almost equal, and (b) the magnitude of
the interactions is always greater in the twin jets compared to single jets. This could be due to the fact that in a
single jet, the sources are spaced approximately one shock spacing apart, whereas in twin jets, the sources are
closer. However, the common features shared by the two cases are that (a) the maximum coherence
corresponds to the self-interaction of the screech mode, (b) the screech tone self-interacts to produce the first
harmonic, and (c) the first harmonic interacts with the fundamental to produce the second harmonic in the
sum interaction, and the fundamental through a difference interaction. The nonlinear interactions in the single
jet are quantified in order to relate them to twin jet coupling, as described in the following paragraph.

In order to quantify the quadratic phase coupling in the single jet, a metric called Quadratic Phase Coupling

Index (QPCI) is defined as follows:

QPCIn ¼
XN

i¼1

XM
j¼1

aði; jÞ; aði; jÞ ¼
1; b2

cðf i; f jÞXn;

0; b2cðf i; f jÞon;

8<
: (7)

where N and M are the number of discrete frequency ranges in the cross-bicoherence spectrum. In Eq. (7), n is
the cross-bicoherence threshold below which the uncertainties may clutter the analysis. The purpose of
introducing this metric is to examine if the single jet nonlinearity offers any clues about the twin jet coupling.
The variation of QPCI0:3 with Mach number has been shown for single jet in Fig. 7. It is observed that this
metric shows a peak for the single jet case at a Mach number of 1.33, at which the twin jets coupled in the
symmetric mode. Similarly, the QPCI0:3 shows another (smaller) peak around Mj ¼ 1:4, at which the twin jets
switched from symmetric to antisymmetric mode. This shows that this metric adequately quantifies the
propensity of jets to couple, provided other conditions are favorable.
3.3. Effect of Mach number

Fig. 8 shows the variation in the linear and the nonlinear spectra for fully expanded jet Mach numbers
Mj ¼ 1:3 and 1:46. At lower Mach numbers of the screeching regime, a clustered pattern of interactions is
observable. The term ‘cluster’ refers to closely spaced interactions seen as a bunch of dots in the cross-
bicoherence contour plot, as seen in Fig. 8(b).
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The formation of clustered interactions can be explained using Fig. 9. Mode f 1 interacts with a low
frequency mode Df , leading to the formation of ðf 1 þ Df Þ and ðf 1 � Df Þ. This forms two closely spaced points
(separated by frequency 2Df ). These resultant modes then again interact with parent mode Df leading to the
formation of ðf 1 þ 2Df Þ and ðf 1Þ. Thus, several interactions can exist at closely spaced frequencies. However,
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this tendency would not continue indefinitely, since this would result in an infinite number of closely spaced
points. This is because with each interaction the phase coherency between the participating modes decreases,
thereby diminishing the ability to interact.

A close-up view of a cluster is shown in Fig. 10. The sequence of events forming this cluster can be described
as follows: Modes f 1 and f 2 interact in a sum interaction to produce the mode ðf 1 þ f 2Þ (S1 in Fig. 10), and in
a difference interaction to produce the mode ðf 1 � f 2Þ, (D1 in Fig. 10). This is represented by (S1, D1);

b2
cðf 1; f 2Þ ¼ 0:7, b2

cðf 1;�f 2Þ ¼ 0:7. The mode ðf 1 � f 2Þ participates with mode f 2 to produce a sum mode f 1

with b2
cðf 1 � f 2; f 2Þ ¼ 0:7, and a difference mode f 1 � 2f 2 with b2

cðf 1 � f 2;�f 2Þ ¼ 0:5. This mode f 1 � 2f 2

undergoes a sum interaction with f 2 to yield f 1 � f 2 with b2
cðf 1 � 2f 2; f 2Þ ¼ 0:6. The earlier mentioned

resultant mode ðf 1 þ f 2Þ (S1 in Fig. 10) interacts with f 2 in a difference mode yielding the mode f 1, with

b2
cðf 1 þ f 2;�f 2Þ ¼ 0:5.
The sequences of these interactions have been presented in a binary-tree-like structure in Fig. 11,

which describes the hierarchy of modal evolutions. It is interesting to note that as one proceeds down the
tree, the cross-bicoherence magnitudes keep decreasing, pointing to the fact that the phase randomness
increases with each successive interaction. As Mach number increases, clustering behavior is dominant,
except at Mj ¼ 1:33 which showed the strongest symmetric coupling, where clustering tends to decrease.
Beyond the symmetric coupling point, clustering again increases until Mj ¼ 1:4, where the coupling
switched to antisymmetric. In fact, clustering phenomenon is maximum at this ‘coupling-transition’ Mach
number.

The possibility of relating the coupling-transition Mach number with the bevel angle of the nozzle was also
examined. The bevel angle in the present case is 30�, and thus the bevel plane makes an angle of 60� with the
flow direction. There was no relationship between the wave angle ½sin�1ð1=MjÞ� of the coupling-transition
Mach number and the bevel geometry.

At the antisymmetrically coupled Mach numbers, the clustering phenomenon does not occur (Fig. 8(d–f)),
and interactions occur mainly involving the screech frequency and its first harmonic. Thus, from the
above observations, it may be stated that the twin jet coupling undergoes a marked variation in
nonlinear coupling behavior, with Mach number. It should be pointed out that the clusters observed
in the bicoherence spectra are not due to the numerical implementation effects such as FFT record
length or number of averages. This was verified by using various combinations of record length and number of
averages.

In order to bring out some of the aspects discussed above, details of the major interactions corresponding to
Fig. 8(a), are listed in Table 1. It can be seen that the nonlinear interactions are the most energetic (e.g.,
b2c ¼ 0:8 for interaction 1) when the fundamental mode or the first harmonic mode is involved. It may also be
seen that interactions lower in the evolution hierarchy possess a smaller value of cross-bicoherence.
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3.4. Effects of inter-nozzle spacing

Fig. 12 compares the effect of inter-nozzle spacing on the nonlinear interactions in co-directed twin jet
configurations at Mj ¼ 1:32. As can be seen from the figures, the cross-bicoherence spectra show localized
clusters in each case. The cluster size grows as inter-nozzle spacing is increased.
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The clusters are mostly located around the fundamental frequency, first harmonic, and the second
harmonic. There are other prominent zones, but the aforementioned zones contain relatively higher levels of
cross-bicoherence ðb2c40:7Þ. It should be pointed out again that the linear spectra are qualitatively similar to
one another. Therefore, it appears that an increase in inter-nozzle spacing promotes nonlinearity. However,
there should be a limiting case, since as s=h!1, logically, the phase correspondence would be lost, the
interactions would lose strength, and the cross-bicoherence would decrease and tend to zero. This was partly
verified by obtaining the cross-bicoherence spectrum at an inter-nozzle spacing of s=h ¼ 11:2 and Mj ¼ 1:32,
wherein the interaction density dropped significantly, and the peak cross-bicoherence was relatively low (0.6)
(see Fig. 13). From these results it is also obvious that the nonlinearity should peak somewhere in the range
where 7:9os=ho11:2.
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Table 1

Details of the major nonlinear interactions occurring in the co-directed twin jet at Mj ¼ 1:3 and s=h ¼ 7:3.

No. Description of the interaction f resultant (kHz) b2c

1. Self-interaction of the fundamental 33 0.8

2. Difference interaction of 33 and 16.5 kHz 16.6 0.8

3. Difference interaction of 33 and 17.6 kHz 15.4 0.8

4. Difference interaction of 17.6 and 16.5 kHz 1.2 0.8

5. Sum interaction of 17.6 and 15.4 kHz 33 0.7

6. Sum interaction of 16.5 and 15.4 kHz 31.9 0.7

7. Difference interaction of 34.1 and 17.6 kHz 16.6 0.7

8. Difference interaction of 31.9 and 16.5 kHz 15.4 0.7

9. Difference interaction of 16.6 and 15.4 kHz 1.2 0.7

10. Difference interaction of 31.9 and 15.4 kHz 16.6 0.6

11. Sum interaction of 15.4 and 1.1 kHz 16.5 0.6

12. Difference interaction of 30.7 and 15.4 kHz 15.3 0.6

13. Difference interaction of 34.2 and 33 kHz 1.2 0.6

14. Sum interaction of 14.2 and 1.1 kHz 15.4 0.5

15. Sum interaction of 17.6 and 16.5 kHz 34.1 0.4
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Another comparison bringing out the effect of inter-nozzle spacing is presented in Fig. 14, for a slightly
higher Mach number of Mj ¼ 1:46. The clusters seen in Fig. 12 are no longer seen in this figure, since the
necessary low frequency modes do not exist in the spectra. Instead, the interaction is restricted to the self-
interaction of the fundamental screech frequency. Another contrasting observation is the presence of
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interactions along horizontal and vertical lines at positions corresponding to the fundamental frequency,
marked in Fig. 15 as ‘A’ and ‘B’, pointing out the ‘most active participating modes’. Furthermore, in most of
the cross-bicoherence spectra in Fig. 14, there is a trail of interaction zones tending to form a �45� line in the
cross-bicoherence spectrum (marked in Fig. 15 as ‘C’), indicating the ‘most preferred resultant modes’.

In all these cases, the fundamental frequency seems to be the most desired resultant frequency from the
nonlinear interactions. These interactions are classified as ‘rectilinearly aligned’, or ‘lineal’ interactions.
3.5. More new metrics defined

In order to view all the observations in a common perspective, two more metrics are introduced. The first,
termed as ‘Interaction density’ ðIcÞ, is the number of peaks in the cross-bicoherence spectrum above a certain
threshold value. In this study, threshold values of 0.3, and 0.4 have been used. The threshold is indicated in the
subscripts.

Fig. 16 shows the variation of interaction density with Mach number for all the configurations studied, for
threshold values of 0.3 and 0.4. Observations made using interaction density are consistent with the earlier
discussions, and can be summarized as follows: (i) the interaction density of co-directed twin jets are much
higher compared to contra-directed jets, (ii) the single jet displays intermediate values, and (iii) the interaction
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density for the co-directed twin jets show a sharp increase around Mj ¼ 1:4. This Mach number is the one at
which a coupling shift occurred from symmetric to antisymmetric, in our earlier work [28].

The earlier studies had concluded based on linear phase measurements that coupling existed only when the
inter-nozzle spacing was s=h ¼ 7:3. However, the present results show that nonlinear interactions exist and
tend to increase with spacing. This indicates that although there is no evidence of linear coupling at higher
spacings, there seems to be a strong nonlinear coupling at higher spacings. It was observed that the behavior of
interaction density is the same for the two values of bicoherence threshold considered, which enhances
confidence in the new metric developed. To further elucidate the use of this metric, the interaction density is
plotted against Mach number and spacing, as shown in Fig. 17. The figures show clearly that Ic peaks near the
symmetrically coupled Mach number, and the Mach number where the coupling switched.

In order to consider the effect of inter-nozzle spacing and Mach number on the interaction density, the
interaction densities of co-directed twin jets were averaged at each Mach number using four inter-nozzle
spacings of s=h ¼ 7:3, 7.5, 7.7, and 7.9. The third metric is termed the ‘Average Interaction density’. The
average interaction densities obtained are plotted against Mach number as shown in Fig. 18(a,b) for cross-
bicoherence threshold values of 0.3, and 0.4, respectively. From these plots, it is clear that the nonlinear
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interactions sharply increase at around Mj ¼ 1:4, where linear phase coherence shows a switch from
symmetric to antisymmetric coupling. Thus, it may be conjectured that a coupling mode switch is
accompanied by an increase in the extent of interactions. Fig. 18(c,d) show the average interaction densities,
calculated by averaging the interaction densities over all Mach numbers for a certain inter-nozzle spacing.
These graphs show the effect of inter-nozzle spacing considering the entire Mach number range. The plots
show that there is a monotonic increase in the interaction density with inter-nozzle spacing, and the
observations are similar for both cross-bicoherence threshold values considered. This corroborates the
previous observation that an increase in inter-nozzle spacing promotes nonlinear interactions among
the sound sources (up to the maxima location).

It was pointed out in Thomas and Chu [23] that the planar shear layer showed a preference for difference
interactions rather than sum interactions. Based on the metrics defined above, the distribution between sum
and difference interactions in twin jets was analyzed. Like shear layers, twin jets also seem to prefer difference
interactions. It was observed that except for few single jet cases, the difference interactions dominate sum
interactions in all the configurations and Mach numbers studied ðIc;diff4Ic;sumÞ. The total number of sum and
difference interactions, summed over all the test Mach numbers, for various jet configurations have been
shown in Table 2. It is clear from this table that difference interactions are almost double the number of sum
interactions for all co-directed twin jets. In the case of single jets, the difference interactions outnumber the
sum interactions by about 19%. In the case of contra-directed jets, the total number of sum and difference
interactions is extremely low; nevertheless the number of difference interactions exceeds that of the sum
interactions.



ARTICLE IN PRESS

1.
30

1.
33

1.
37

1.
40

1.
43

1.
46

1.
48

1.
51

7.3

7.9

Mach Number (Mj)

Sp
ac

in
g 

(s
/h

)

0-20
20-40

40-60
60-80

80-100

100-120

1.
30

1.
32

1.
33

1.
35

1.
37

1.
38

1.
40

1.
41

1.
43

1.
44

1.
46

1.
47

1.
48

1.
50

1.
51

7.3

7.5

7.7

7.9

Mach Number (Mj)

Sp
ac

in
g 

(s
/h

) 

0-3030-6060-9090-120

Fig. 17. Interaction density (threshold 0.3) variation with Mach number and spacing. (a) Surface plot and (b) contour plot.

0

10

20

30

40

50

Inter-Nozzle Spacing (s/h)

0
10
20
30
40
50
60
70

Mach Number

0

10

20

30

40

50

0

5

10

15

20

25

1.29 1.35 1.41 1.47

1.29 1.35 1.41 1.47

A
vg

.I c
,0

.3
A

vg
.I c

,0
.4

A
vg

.I c
,0

.4
A

vg
.I c

,0
.3

7.3 7.5 7.7 7.9

Inter-Nozzle Spacing (s/h)
7.3 7.5 7.7 7.9

Mach Number

Fig. 18. Variation of average interaction density with Mach number and inter-nozzle spacing. (a,c) Cross-bicoherence threshold 0.3 and

(b,d) cross-bicoherence threshold 0.4.

K. Srinivasan et al. / Journal of Sound and Vibration 323 (2009) 910–931 929



ARTICLE IN PRESS

Table 2

Total number of sum and difference interactions summed over all Mach numbers for all the test cases.

No. Geometry Total number of sum

interactions

Total number of difference

interactions

1. Co-directed twin jets, s=h ¼ 7:3 101 184

2. Co-directed twin jets, s=h ¼ 7:5 100 224

3. Co-directed twin jets, s=h ¼ 7:7 169 369

4. Co-directed twin jets, s=h ¼ 7:9 162 429

5. Single jet 57 68

6. Contra-directed twin jets 9 16

K. Srinivasan et al. / Journal of Sound and Vibration 323 (2009) 910–931930
4. Conclusions

In this paper, twin jet coupling behavior is analyzed using nonlinear spectral analysis. Based on the results,
it is concluded that co-directed twin jets apparently uncoupled beyond a certain inter-nozzle spacing using
standard spectrum analysis, show nonlinear coupling at higher spacings as revealed by nonlinear spectra. In
this direction, a new metric termed Quadratic Phase Coupling Index (QPCI) has been developed, which
quantifies the propensity of jets to couple, provided other conditions are favorable. Two patterns of the cross-
bicoherence spectra were observed, one in which an array of closely spaced interactions dominate the
spectrum, and the other in which the dots tending to form straight lines appear in the spectrum. The latter case
indicated the preference of the fundamental frequency as a participant in the nonlinear interactions, as well as
a resultant frequency of the interactions. Another new metric has been defined, termed the interaction density,
based on the number of peaks in the cross-bicoherence spectrum. The interaction density is a useful parameter
to quantify nonlinear coupling, which is strongly related to coupling mode switching, and could be an
important parameter in modal transitions. A third metric, the average interaction density increased sharply
around a Mach number that showed a transition between symmetric to antisymmetric coupling in linear phase
coherence studies. Therefore, modal transitions in coupling can be accompanied by a large number of
nonlinear interactions. The average interaction density increases monotonically with inter-nozzle spacing for
the range of spacings considered in the present study. Difference interactions outnumber sum interactions in
almost all the cases studied.
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